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Abstract 

The aim of this paper is to obtain estimates for the density of the law of a specific 
nonlinear diffusion process at any positive bounded time. This process is issued from 
kinetic theory and is called Landau process, by analogy with the associated deterministic 
Fokker-Planck-Landau equation. It is not Markovian, its coefficients are not bounded 
and the diffusion matrix is degenerate. Nevertheless, the specific form of the diffusion 
matrix and the nonlincarity imply the non-degeneracy of the Malliavin matrix and then 
the existence and smoothness of the density. In order to obtain a lower bound for the 
density, the known results do not apply. However, our approach follows the main idea 
consisting in discretizing the interval time and developing a recursive method. To this 
aim, we prove and use refined results on conditional Malliavin calculus. The lower bound 
implies the positivity of the solution of the Landau equation, and partially answers to 
an analytical conjecture. We also obtain an upper bound for the density, which again 
leads to an unusual estimate due to the bad behavior of the coefficients. 
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1 Introduction 



In this paper, we consider a nonlinear diffusion process issued from kinetic theory and called 
Landau process, by analogy with the associated deterministic Landau equation. This pro- 
cess is defined as the solution of a nonlinear stochastic differential equation driven by a 
space-time white noise. Its coefficients are obtained from the Landau equation. In partic- 
ular, they are not bounded and the diffusion matrix is degenerate. Nevertheless, Guerin 
[I] uses the nonlinearity of the equation and the specific form of the diffusion matrix to 
prove the existence and smoothness of the density of the law of this process at each finite 
time. This implies in particular the existence of a smooth solution to the nonlinear partial 
differential Landau equation. 

The aim of this paper is to obtain lower and upper bounds for this density. The bad 
behavior of the coefficients of the stochastic differential equation makes the problem unusual. 
In particular, the methods introduced by Kusuoka and Stroock |7j for diffusions using the 
Malliavin calculus, extended by Kohatsu-Higa [B] for general random variables on Wiener 
space, and adapted by Bally [Q to deal with local ellipticity condition, do not apply to our 
situation. Nevertheless, our approach follows the same idea which consists in discretizing 
the time-interval and writing the increments of the process on each subdivision interval as 
the sum of a Gaussian term plus a remaining term. The non-degeneracy of the Malliavin 
matrix proved by Guerin implies a deterministic lower bound for the smallest eigenvalue 
of the Gaussian term covariance matrix. On the other hand, the upper bound of the 
upper eigenvalue is random, due to the unboundedness of the coefficients, and depends 
on the process itself, which considerably complicates the problem. These estimates on the 
eigenvalues allow us to obtain a lower bound for the density of the Gaussian term. In order to 
estimate the remaining term, we need to refine some result on conditional Malliavin calculus 
to deal with our specific situation. These results and our method could be applied in other 
cases where the (invertible) Malliavin covariance matrix of some functional has randomly 
upper-bounded eigenvalues. The lower bound we finally obtain implies the positivity of the 
solution of the Landau equation, and partially answers to an analytical conjecture. 

For the proof of the upper bound, we use tools of usual Malliavin calculus. As the 
coefficients are not bounded, the proof differs from the standard way to obtain Gaussian- 
type upper bounds. In order to deal with a bounded martingale term quadratic variation, 
we consider the stochastic differential equation satisfied by some logarithmic functional of 
the process. We then use an exponential inequality for this martingale term. The diffusion 
matrix being degenerate, we cannot apply Girsanov's theorem, which yields to some unusual 
estimate. 

The paper is organized as follows. In Section 2, we introduce the Landau process as 
well as the main result. The relations with the Fokker-Planck-Landau equation are also 
explained, as the analytical interpretation of our results. In Section 3, we prove general 
results on conditional Malliavin calculus. The proof of the lower bound is given in Section 
4. We finally show in Section 5 an upper-bound for the density. 

In all the paper, C will denote an arbitrary constant whose value may change from line 
to line. 
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2 The nonlinear Landau process and the main results 
2.1 The nonlinear Landau process 

The Landau process is denned on a filtered probability space (Q, T, (^)t>o,P). Fix T > 
0. We consider d independent space-time white noises W = (W l , ...,W d ) on [0,T] x 
[0,1], defined on (£l,J-,W) and with covariance measure dadt on [0,1] x M + (cf. Walsh 
[Tl|). Let Xq be a random vector on K d , independent of IT. We denote by (^i)t>o the 
filtration generated by W and Xq. In order to model the nonlinearity, we also consider the 
probability space ([0, l],/3([0, 1]), da), da denoting Lebesgue measure. We denote by E, E Q 
the expectations and C, C a the distributions of a random variable on P), respectively 

on ([0,l],B([0,l]),da). 

Let us consider the following nonlinear stochastic differential equation. 

Definition 2.1 A couple of processes (X,Y) on (O, T, (^)t>o,P) x ([0, 1],B([0, l]),da) is 
defined as a solution of the Landau stochastic differential equation if C (X) = C a (Y) and 
for any t > 0, 

X t = X + f [ a{X s -Y s (a))-W(da,ds)+ [ [ b (X s - Y s (a)) dads, (2.1) 
Jo Jo Jo Jo 

where a and b are the coefficients of the spatially homogeneous Landau equation for a gen- 
eralization of Maxwellian molecules (cf. Villani |13j . Guerin 

More specifically, a is a d x d matrix (and a* denotes its adjoint matrix) such that 

aa* = a 

where a is the d x d non-negative symmetric matrix given by 

a ij (z) = h(\z\ 2 )(\z\ 2 5 ij -z i z J ), V (i,j) £ {1, d} 2 (2.2) 
(<5jj denotes the Kronecker symbol). Moreover, 

d 

bi(z) =J2 9 *i a ij( z ) = -(d-l)h(\z\ 2 ) Zi , V % G {l,...,d}. 
j=l 

When h is a constant function, we recognize the coefficients of the spatially homogeneous 
Landau equation for Maxwellian molecules, cf. |13j . 

In all what follows, we assume the following hypotheses: 

(HI): The initial random variable Xq has finite moments of order k > 2. 

(H2): The function h is defined on M + , sufficiently smooth in order to get a and b of 
class C°° with bounded derivatives, and there exist m,M>0 such that for all r £ M.+ , 

m < h(r) < M. (2.3) 

For example, in dimension two, 



a 



z 2 
-zi 
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and in dimension three, 

/ z 2 -z 3 

a(z) = ^h{\z\ 2 ) - Zl z 3 

\ zi -z 2 

and (H2) is satisfied for convenient function h. 

Definition 2.2 The d- dimensional stochastic process X = (Xt,t > 0) is called a nonlinear 
Landau process if there exists a process Y defined on [0, 1] such that (X, Y) is solution of 
the Landau SDE IP) . 

This process has been introduced by Guerin j^j and and gives a probabilistic interpre- 
tation of the spatially homogeneous Landau equation for generalized Maxwellian molecules 
in the following sense. 

Proposition 2.3 If (X,Y) is a solution of the Landau SDE (j2.1j) . then the family of laws 
(P t ) t >o of (X t )t>o (or of (Y t ) t >o) satisfies for any cp G C\ (R d ,R), 

— f Lp(v)P t {dv) = \ / (f aij (v - v*) P t (dv*) ) dij(p(y)P t (dv) 
dt J R d 2 f-± J Rd \J R d J 

+ y I (I b t (v-v*)P t (dv*))d t <p(v)P t {dv). (2.4) 

The proof is obtained using Ito's Formula. 

The equation (|2,4j) is a weak form of the nonlinear partial differential equation 



df,. . 1 A d f 



"' " ' " \ df df 

a%j [v - u*) / (t, v*) — (t, v) - f (t, v) ^— (t, v*) 



dv* 



(2.5) 

This equation is a spatially homogeneous Fokker-Planck-Landau equation and models colli- 
sions of particles in a plasma. It can also be obtained as limit of Boltzmann equations when 
collisions become grazing (jHj, 0). The function f(t,v) > is the density of particles 
with velocity v G at time t > 0. 

The results proved by Guerin |I] can be summarized as follows. 

Theorem 2.4 Fix T > 0. Assume (HI), (H2) and that the law of Xq is not a Dirac mea- 
sure. Then there exists a unique couple (X, Y) such that for any p > 1, E[sup t<T \X t \ p ] < 
+oo, solution of the Landau SDE 12.1]) . 

Moreover, for any t > 0, the regular version of the conditional distribution of Xt given Xq 
is absolutely continuous with respect to Lebesgue measure and its density function fx (t,v) 
is (Pq-cl.s.) of class C°° . 

For the proof of the existence and regularity of a density for each Pt, t > 0, Guerin uses 
tools of Malliavin calculus, the degeneracy of the matrix a being compensated by the effect 
of the nonlinearity. 

Guerin's result leads, using the probabilistic interpretation, to the existence and unique- 
ness of a smooth solution for the Landau equation, given by f(t,v) = f Rd f XQ (t,v)Po(dxo). 
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2.2 The main results 



The aim of this paper is to obtain some upper and lower bounds for the conditional density 
fx (t, v) of Xt given Xq, for any time t in a bounded interval (0, T]. We deduce from them 
the strict positivity of the density and some bounds and positivity for the solution of the 
Landau equation. The research of a lower bound for this equation was partially developed 
in Villani |12j . In that paper, the author obtained (in Section 7-Theorem 3) a result in 
the case of Maxwellian molecules, assuming that the initial condition is bounded below by 
a Maxwellian function. The general case is much more complicated and a conjecture was 
stated in |121 Proposition 6], but never proved. 

We now assume the additional non-degeneracy hypothesis. 

(H3): For all £ £ R d , E[|X | 2 |£| 2 - < X ,£ > 2 ] > 0. 

Remark 2.5 Hypothesis (H3) means that the support of the law of Xq is not embedded in 
a line. In particular, it holds for the two extreme cases, if either the law Pq of Xq has a 
density /q with respect to Lebesgue measure, or if Pq = ^gijjjfg ; with x\ and X2 non collinear 
vectors. 

The main theorem of this article is the following : 
Theorem 2.6 Fix T > and assume (HI), (H2). 

(a) Assume moreover (H3). Then for any < t < T and v £ M. d , there exist two constants 
c\(T,v, Xq) and c%(T, v,Xq) (explicitely given in the proof), such that PQ-a.s., 

f Xo (t,v) > Cl (T,v,XQ)t-^e-^^^. 

(b) For any < t < T and v € M. d , there exist constants ci(T), C2(T), c%(T, Xq) such that 
Po-a.s., 

(l,(l+|,| 2 )-ln(l + [X | 2 )-qt) 2 

fx (t,v) <c 3 (T,X )t- d / 2 e 

Corollary 2.7 For any t > 0, the density function fx (t,v) is positive. 

As a consequence of Theorem 12.61 and writing f(t,v) = j Rd f xo (t,v)PQ(dxo), we obtain 
the positivity and bounds for the solution of the Landau equation (|2.5() . 

We obtain (a) by adapting the approach of Kohatsu-Higa [H], in which a key tool is 
conditioned Malliavin calculus for general random processes with ellipticity and bounded 
coefficients. To deal with our degenerate process, we need refined conditional Malliavin 
calculus, that will be given in the next section. 



3 Conditional Malliavin calculus 

Recall some basic notions of the Malliavin calculus related to the space-time white noise 
W. Fix T > 0. Let the Hilbert space H = L 2 ([0,T] x [0, l];R d ). For any heH,we set 

W(h)= f [ h(r,z) -W(dr,dz). 
Jo Jo 
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Let S denote the class of smooth random variables F = f(W(h\),...,W(h n )), where 
hi,...,h n are in 7i, n > 1, and / is of class C°° on lR n with polynomial growth deriva- 
tives. 

Given F in S, its derivative is the ci-dimensional stochastic process DF = (Dr rjZ \F = 
(D^ r ,F, D^ r Z \F), (r, z) G [0, T] x [0, 1]), where the D^.^F are W-valued random vectors 
given, for I = 1, d, by 

n 

D\ r , z) F = Y,d x J(W(h 1 ),...,W(h n ))h' i (r,z). 
i=i 

(k) 

More generally, if F is a smooth random variable and k is an integer, set F = 
Don ' ' ' D ak F, where a = (ai, afc), on = (ri,Zi) G [0,T] x [0,1], for the k-th order 
derivative of F. Then for every p > 1 and any natural number m, we denote by D m ' p the 
closure of S with respect to the semi-norm || ■ || mjP defined by 



\F\\ miP =(E[\F\P] + f2mD^F\\^ k ]) 
^ k=i ' 



i/p 



where 



\\D^F\\ 2 Hm = I - I \D l ^...D l * k F\ 2 da 1 ---da k . 

h,ZX=l J A[0,T]x[0,l]) fc 

For any fixed s G [0, T], we define the conditional versions of the Sobolev norms related 
to W with respect to T s . Let p > 1, and n > 1, m > natural integers. For any function 
/ G L 2 (([0,T] x [0, l]) n ;R d ) and any random variable F G B m 'P, we define 

W s = L 2 ([s,T] x [0,1]; R d ), 

\ 1/2 

|/(r, z)| 2 dzi • • • dz n dr x ■ ■ ■ dr n 

([s,T]x[0,l])™ 

1/p 



m>PiS = (n\F\ p \Fs) + £ E[||£>«F[|^ | J-,]) " 

V 7,1 / 



Moreover, we write 'Jf(s) for the Malliavin covariance matrix with respect to Ti s , that is, 

7F(s) = ((DF\DF% s ) 1 < iJ < d . 

For any u G L 2 {VL;H) such that u(r, z) G B ,n ' p , for all (r, z) G [0,T] G [0, 1], we define 

l/p 



\u\ 



m,p,. 



Etllull^l^J + ^EtpWuH^I^]) 
k=i ' 



We denote by 5 the adjoint of the operator D, which is an unbounded operator on L 2 (£l; 7i) 
taking values in L 2 (Q) (see ^3 Def.1.3.1]). In particular, if u belongs to Dom 5, then S(u) 
is the element of L 2 ($7) characterized by the following duality relation: 



E[F5(u)\ = E 



cT r \ 

a,2 



/ / D(j.^F ■ u(r, z)dzdr 
Jo Jo 



, for any F G 
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With this notation one has the following estimate for the conditional norm of the oper- 
ator 5 (cf. 9, (2.15)]): 

||£(«l[s,T]x[o,i])IU,p,s < c mj p||n|| m+ i iPiS , (3.1) 
for some constant c m)P > 0. 

We next give a conditional version of the integration by parts formula. The proof follows 
similarly as the non-conditional version (cf. [Ill Proposition 3.2.1], and is therefore omitted. 

Proposition 3.1 Fix n > 1. Let F,Z S ,G G (n p >i fl m >o D m,p ) li be three random vectors 
where Z s is T s -measurable and such that (det jF+Zsis))' 1 has finite moments of all orders. 
Let g G C™(R d ). Then, for any multi-index a = (a±, ...,a n ) G {1, . . . , d} n , there exists an 
element H^(F, G) G n p >i n m > B m,p such that 

E[(d a g)(F + Z S )G\F S ] = E[g(F + Z s )H s a (F, G)\F S ], 

where the random variables H^(F,G) are recursively given by 

d 

H s {i) (F,G) = Y J t(G(lF( S )- 1 hDFJ), 
i=i 

K(F,G)=H{ a jF,H{ ai _ an _ i) (F,G)). 

As a consequence of this integration by parts formula, one derives the following expres- 
sion for the conditional density given F s of a random vector on the Wiener space, in a 
similar way as in Proposition 4]. 

Corollary 3.2 Let F £ (n p >i n m >o E> m,p ) d be a random vector such that (det 7^(s)) _1 has 
finite moments of all orders. Let P s and p s denote, respectively, the conditional distribution 
and density of F given T s - Let a be a subset of the set of indices of {1, ...,d}. Then, for 
any v G M d , P s -a.s. 

where \o~\ denotes the cardinality of a. 

The next result gives a precise estimate of the Sobolev norm of the random variables 
H s a (F,G). 

Proposition 3.3 Let F G (n p >i n m > B m 'P) d and G G n p >i n m > O m ' p be two random 
vectors such that (det 7f(s)) -1 has finite moments of all orders. Assume that there exist 
positive Tg- measurable finite random variables Z s and Y s (eventually deterministic) such 
that for all p > 1 and m > 1, 

n\\D {m) (n\\ P nf JFs] 1/p < c 1 (m,p)Z s , i = l,...,d; (3.2) 

E[(det 7F ( S ))-f|^ s ] 1 /P < c 2 (p)Z; 2d Y s , (3.3) 

where c\{m,p) and C2{p) are positive constants. Then, for any multi-index a = (ai, a n ) G 
{1, . . . ,d} n , n > 1, there exists a constant C > (depending on m, p, a, T), such that 

\\K(F,G)\\ 0j2;S < C\\G\\ n>2n+l>s Z- n H J2( Y s) j • 

i=i ^ j=i ' 
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Proof. The proof of this result follows the iteration argument appearing in the proof of 
Lemma 12] or Lemma 4.11], but in a general setting. That is, we use (|3.1|) and Holder's 
inequality for the conditional Malliavin norms (cf. |15( Proposition 1.10, p. 50] to obtain 

d 

||^(F,G)||o, 2jS = ||^ ( 5( J ff ( s C(1) ... )an _ l) (F,G') MsyX^DF^Wo^ 

3=1 

d 

< ^ll^x,...,^)^^)!!!^,,^ ll(^C s ) _1 )^illi,23, s ll^(^')lll,23, s . (3.4) 

3=1 

Note that, as proved in |2| Lemma 11], for m > 1 and p > 1, 

E[||D(™) ( 7 f W)y \\ P nfm IK] = n\\^ m H(D(F% D{F^)) Hs )\\^ fm \T S ) 
m / \ p 

^ C E(T) {(E[ii^ (m) (^)iiJ f(i+1) i^]) 1/2 

x(E[||L»(— W) (^')||J« (m _ !+1) |^]) 1/2 }. 

Ha 

Therefore, by Ij3.2j) we get, for 1 < i, j < d, 

\\D(( lF (s)) l3 )\\ m!P!S <CZl (3.5) 

Now, Cramer's formula gives 

l(7F(s) _1 )iil = |A ii (s)(det 7F (s))- 1 |, 

where ^4jj(s) denotes the cofactor of (7_F(-s))ij- By some straightforward computations, it 
is easily checked that there exists a constant C > such that 

\A tl ( s )\ < owd^)^ . 



Therefore, Cauchy-Schwarz inequality for conditional expectations and hypotheses 1)3. 2 Jl 
and (HSl) yield 

0E[((7H*r%rra Vp < CmD^)^^^]) 1 '^ X (E[(det 7 H*)r 2p |^]) 1/(2p) 

< c^ s 2(d_1) ^ 2d y s = cz7 2 y s . (3.6) 

Iterating the equality 

£>(7H*) _1 )ii = - (7F(s)- 1 ) lfc D(7F(s)) M (7F(s)- 1 ) j i, 

A;,/=l 

and using Holder's inequality for conditional expectations, we obtain 
snpE[\\D( m \( 7F (s))-%\f \T S ] 



< Csup^T Yl E[\\D^\^))idA\ P ^\^} 

r=l miH \-m r =m 

m;>l, /=!,.. ,,r 



. \\p(r+i)\ T ]i/{r+\) x ... 



2 , 



xsupE[|((7 F ( S ))-%f (r+1) I^] 1 /^!), (3.7) 
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where the supremum before the summation is over h,ji, i2r+l, J2r+i G {L —,<£}. 
Introducing Q3.5JI and Q3.6JI into (|3.7j) gives 

m 

P(7f( S )- 1 )^IU, Pi , < CZ- 2 J2 Y s +1 - (3- 

r=l 

and thus 

\\{lF(s)-%\\ m , P ,s<CZ; 2 Y, Y s 



rn 

rr+l 

- s 

r=0 



Therefore, iterating n times (|3.4|) . it yields 



||^(F,G)|| 0j2)S < C||i? ( s ai) ... )an _ i) (F,G)|| l!22!S Z s - 1 (F s + r/) 

n-l i+1 

t=l i=l 

n i+1 

<c\\G\\ n ^, s z; n ll(Y,YJ), 

i=l i=l 

which concludes the proof of the Proposition. A 



The last result of this section will be used later in order to prove condition (|3.2|) of 
Proposition 13.31 when F is the Landau random variable Xt- 

Proposition 3.4 Fix cq > and < a\ < «2- Fix c\ > and /or q > 1, let 02(g) be 
finite. Let Z be a positive random variable such that for all e < €q, there exist two random 
variables X(e), Y{e) such that Z > X{e) — Y{e) a.s., and 

(1) X(e) > ae ai a.s., and 

(2) there exists a positive J- ~ s -measurable finite random variable G s (eventually determin- 
istic) such that for any q>l, E[|Y(e)|*|.F s ] < c 2 (g) e qa ' 2 G q s . 

Then, for any p > 1 and q > J^} ai , there exists a constant C3 depending on c±, 02(0), ai, cx%, 
but not on Z, G s or eo such that, a.s., 

E[Z-P\F s ]<c 3 ev Pai (l + e q {a2 ~ ai) Gj). 
Proof. For p > 1, we write 

poo 

E[Z-r\F s ] = / pyP-^iZ" 1 > y\F s }dy. (3.9) 
Jo 

Let k = (f e Ql ) _1 . For y > k, let e = (|-) 1/ai y~ 1/afl - Then e < e and y" 1 = f e Ql . By 
Chebychev's inequality with q > 1, 

P{Z- X > y|jF s } < P{Y e > X e - y- 1 !^} < F{Y e > j e a ^\T s } 

<(| e^)-m[\Y e m 

<(j^)~ q c 2 (q)e qa2 G q 

= c q e q ^ 2 - a ^G q s = c q y- q ^ a2 - ai ^ ai G q s . 



9 



Now, splitting the integral in (|3.9|) into an integral over [0,k] and another on (k, +00), 
introducing this last inequality into (|3.9|) and choosing q > , we obtain 

/•oo 

nZ- p \F s ] <k p + p yP-^Z- 1 > y\r s }dy 

Jk 

poo 

< C p e Pai + C M / yP~l-<l(<*2-*l)/a 1G q dy 



-pai , -pai+g(a 2 -ai) 
I L P,9 fc 

-paw-. . 0(0:2 — Qi) 



which concludes the proof of the Proposition. A 



4 The Lower Bound 

The aim of this section is to prove the lower bound of Theorem 12. 61 As in Kusuoka-Stroock 
and Kohatsu-Higa pj, we discretize the time interval [0,t] and write Xt as the sum of 
a Gaussian term plus a remaining term. The lower bound for the density of our process 
is deduced from a lower estimate of the density of the Gaussian term and a technical part 
consists in the choice of the discretization mesh in order to control the remaining term. 
These steps can not be obtained from [Jj and [H], as the eigenvalues of the covariance 
matrix of the Gaussian term are not bounded, but only dominated by a random functional 
of the diffusion, due to the unboundedness of the coefficients. We will then use the results 
on conditional Malliavin calculus of the previous section. 



4.1 The Discretized Process 

We want to obtain a lower bound of the conditional density of the Landau process with 
respect to the initial condition Xq, on some finite interval [0, T]. Then, in all what follows, 
Xq will be considered as a parameter, even if it is random, and all the estimates we get will 
concern conditional expectations with respect to this initial condition Xq. 

Let T > and fix t £ (0, T}. Let us introduce a natural integer N, measurably depending 
on Xq, which will be chosen later. 

Consider a time grid = to < t% < ■ ■ ■ < tjv = t and let A = — t^-i = jr. We define 
the following discretized sequence, 



X tk =X tk _ 1+ J k + T k , (4.1) 



where 



and 



J k = / <r{X th _ x - Yt^ia)) ■ W(da,ds), 











1 

(a(X s - Y s (a)) - aiXt^ - Y tk ^(a))) ■ W(da,ds) 



+ 



f k [ b(X s -Y s (a))dads. 
J tk-i Jo 
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Conditioned with respect to J : t k _ 1 , the random variable Jk is Gaussian with covariance 
matrix given by 



S(Jfc) = (tk - tk-i) / a,(X tk _ x - Y tk l (a))da. 
Jo 

We wish to obtain a lower bound for the conditional density of the random variable Xt k 
given Tt k _ x ■ This will allow us to prove the desired lower bound for the density of Xt by 
a recursive method. Note that from Theorem 12 .41 this conditional density exists and, from 
Watanabe's notation, can be written E[5 z (Xt k )\J-t k _ 1 }, where S z denotes the Dirac measure 
at the point z S M. d . 

We consider the following approximation of S z . Let G C£°(R ), 0<<fi<l, f(f) = l 
and (p(x) = for \x\ > 1. For rj > 0, let 



<j>n(x)=rj (f)(j) x). 

Remark that 4> v (x) = for \x\ > rj. 

Our goal is to find a lower bound for the quantity E[^ r? (Xt fc — z)|J^ fc _ 1 ], independent of 
rj. Let us apply the mean value theorem. We have 



i=l 



E 



9xi<t>r,( x t k -i + Jk-z + pr fc )r J fc |j^ fc _ 1 



dp 



>E[^(X lt _, + J t -2)|^,_,] 



1=1 



E 



dx^viXtk-i + Jk-z + pTkjTWFt^ 



dp 
(4.2) 



The two next subsections are devoted to obtain a lower bound for the Gaussian term 
E[(p ri (Xt k _ 1 + Jfc — z)\J-t k _ 1 ] and an upper bound for the remaining term 

d „x 

I V / Efa^x^ + j k - z + pr^rH^.jdpi 

i=i 7o 

of the RHS term of Q . 



4.2 Lower bound for the Gaussian term 

The following proposition gives a lower bound for the lower eigenvalue and an upperbound 
for the upper eigenvalue of the matrix S(J^). 

Proposition 4.1 Under hypotheses (HI), (H2), (H3), there exist two positive constants \\ 
and A2 depending on T such that for any k £ {1, ...,N}, almost surely, 



inf rE(J fc )£ > AiA ; 
l€l=i 



sup rs(j fc )e< \2A(i + \x tk _ 1 \) 2 . 

£eR<M£|=i 



(4.3) 
(4.4) 
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Proof. In 0], Guerin shows that for each £ G M. d , one has 

r£(J fc )£> AmF(e,t fc _i), 

where 

F(e,t) =E[|x t | 2 iei 2 -(x 4 ,o 2 ], 

and m is defined in (|2.3j) . 

By Cauchy-Schwarz inequality, -F(£, i) is nonnegative, and since the law of Xt has a 
density, F(£,t) > for any t > and £ 7^ 0. Moreover, by Hypothesis (H3), this holds 
for t > 0. Then, as the function F(£,t) is positive and continuous on the compact set 
[0,T] x {£ G R rf : |£| = 1}, a strictly positive minimum is reached on this set. 

Hence, for all £ G M d , |£| = 1, we get 

f £(J fc )£ > AiA, 

where Ai > is independent of k. That proves (|4.Hjl . 

Using the Lipschitz property of a (with Lipschitz constant C CT ), we also obtain 

rX(J fc )£ < A2C 2 \ {\X % _^ + \Y tk _ x {at)da 
Jo 

= A2C 2 (|AV 1 | 2 +E[|AV 1 | 2 ]) 

< A2C 2 (|X tfc _ 1 | 2 +E[ sup \X S \ 2 ]) 

0<s<T 

< A 2 A(l + |X tfc _ 1 |) 2 , 

and deduce (|4~i)) . A 

The next result proves a lower bound for the conditional density of the Gaussian term 
X tk _, + Jk given T % _ x . 

Proposition 4.2 Assume < 77 < \AiA, and Zei G {1, iV}. T/ien /or («;, z) G x M"' 
satisfying \X tk _ 1 (u>) — z\ < VAiA, we get a.s. 

E[^(X tfc _ 1 +J fe -*)|J'V i ]> 



CiA^Cl + IJf^l)*' 

w/iere Ci := e^^A^ 2 . 
Proof. As Jfc is Gaussian, 

E^^X^ + Jfc-z)!^] 

= ^ + * - -) (27r)d/2det(s(Jfc))1/2 «p( 2 — J d * 



1 



R > (5 W/ 2 det(£(J fe ))V2 



, (*+*- ^rgw-Hj + z - x tk _ L ) \ 

x exp dz. 



Since \z\ < rj < ^/AiA, and using the assumption on (lo, z), 

\z + z- X tk _J 2 < 2\z\ 2 + 2\z - X tk _A 2 < 4AiA. 
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Then, using (|4.3|) and ()4.4|) . we obtain 
where d := e 2 {2it) d l 2 \ d 2 /2 . 



dA^l + lX^' 



A 



4.3 Upper bound for the remaining term 

The key point consists in applying the conditional integration by parts formula to the 
remaining term in ()4.2|) . taking into account that f <f> = 1. Then, in order to obtain an 
upper bound, we need to prove estimates for the conditional Sobolev norms given Tt k _ x 
of the terms </& and of the discretized sequence (j4.1jl . Note that as the coefficients of 
the Landau equation are unbounded, these conditional bounds will depend on the random 
variable X tk _ 1 . 

Lemma 4.3 For any p > 1, there exists a finite constant Ct such that, for i £ {1, ...,d} 
and k £ {1, —,N}, 

(nnn^}) 1 ^ <c T A(i + \x tk ^\). 

Proof. Note that E[|rj.|P|.F tfc _ 1 ] < 2 p - 1 (A 1 + A 2 ), where 
*t k rl d 



Ai := E 



Ao :=E 



tk-i Jo 



Y,(<Tij(Xs-Y s (a)) - a^X^-Y^a^W^d^ds) ) \F tk _ x 
i=i 



tu rl 



t k -i JO 



bi(X s - Y s (a))dads I 



Using Burkholder's inequality for conditional expectations, we get 



Ai < CE 



t k . rl d 



tfc-i JO 



\ P/2 



^(o-ijiXs - Y s (a)) - (JijiXt^ - Yt^ia))) 2 dads) 
3=1 J 



and, from Holder's inequality and the Lipschitz property of a, it yields 

A l < CA^ 1 t (nX s -X th _J\F tk _A + E[\X S -X tk _J])ds. 



We now apply Burkholder's inequality and Lipschitz property, to obtain that, for s < tk, 

(' I! 

'tk-i Jo 



m\x x - x^fiTt^] < cap/ 2 - 1 



E[\X U \ P + \Y u {a)\ p \F tk _ 1 ]dadu 



+ A p/2 



t k -i Jo 



E[\X U \ P + \Y u (a)\ p \T tk _ 1 ]dadu 
< C T A p / 2 - 1 ( f E[|X u |f|^ fc _J + E[\X u \ p ]du 
<C T A p l 2 - 1 f E[\X U - Xt^m^du + C T A p ' 2 (l + \X tk _ 1 \ 
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By GronwalFs Lemma, 



E[\X S - X tk _J\F tk _ x ] < C T A^(l + \X tk _Af . 



(4.5) 



Therefore, 



Ax^CTA^l + lX^Jf. (4.6) 
On the other hand, using Holder's inequality and Lipschitz property of b, we have that 

A 2 < OA*- 1 j' k (jL[\X s - X th _A*\F tk _A + \X th _J + EUX^ds. 
Therefore, using (|4,5[) . we get 

A 2 <C T AP(l + \X tk _ 1 \f, 
which concludes the proof of the Lemma. A 

The following lemma is the conditional version of {U Theorem 11]. 

Lemma 4.4 For any p > 1, m > 1 and k £ {1, ...,N}, there exists a finite constant Ct 
such that, for 1 < i,l%,...,l m < d, 



sup E 

rt,...,r m ,se[tk-i,tk] 



1 rl 



o Jo 

<c T {i + \x th _Ay. 



(4.7) 



Proof. We proceed by induction on m. Suppose m = 1. Let 2; G [0, 1]. For r, s E [£fc-i 3 
and 1 < i, I < d, we consider the stochastic differential equation satisfied by the derivative 
(cf. H Theorem 11]) 



(X r - Y r (z)) + f f V d n a i:j (X u - Y u (a))D\ r z] (X^)W j (da, du) 

J r .,.„ 1 

+ f /V a n 6,(X u - Y u (a))D\ r z) (X r :)dadu. (- 



Note that 



8=1 



where 



Ai = E 



Ao = E 



A 3 =E 



M^-y^))!^!^ 

1 / /-s /■! 



/ £ dnaijiXu-Yuia^Dl^iX^W^d^d^J dz\T t 

jf (jf ^^^(^-^(q))!)^^)^^^!^.^ 
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Now, from the Lipschitz property of a and (|4.5|) . we have that 



A x < C T (K[\X r - X^HJVJ + 1 + \*tu-x \ P ) 

<c T {i + \x tk _ x \y. 

Moreover, using the bounds of the derivatives of a, Burkholder's and Holder's inequalities 
for conditional expectations, it yields 



A 2 < C T E 



1 rs 
Jr 



n=l 



Finally, the bounds of the derivatives of b and Holder's inequality imply that 

-1 r s 



A 3 < C T E 



Jr 



n=l 



Hence, using Gronwall's Lemma, we conclude that 
d r ,1 







D^ z) {Xl)fdz\F tk _, 



<c T {\ + \x tk _Ay, 



which proves (j4.7j) for m = 1. 

For m > 1, consider the stochastic differential equation satisfied by the iterated deriva- 
tive, for n,...,r m ,3 G [t k -i,t k ], z 1 ,...,z m £ [0,1], 1 < i,h,...l m < d, 

d 1 , 1 .■■■D l r jxi) 

(ri,zi) {r m ,z m ) K s/ 

m 

= Vd! 1 .■■■D 1 "- 1 ,D l , n+1 . • • • D l , m Ja a (X r -Y r (z n ))) 

(ri,zi) (r n _i,2 n _i) (r n+ i,z n+ i) (r m ,z m U "nV r n r n \ nj;/ 



n=l 



S fl 



+ 



j =1 ■Jri JO Jr m JO 



n Jo Jr m Jo 



) (r n+ i,z n+1 ) (r m ,Zm) y 

D 1- UZ1) ■ ■ ■ D {? m ,z m )M X - ~ Y u (a))) W*{da, du) 
D l ^ Zl y--D[^ z Jb t (X u -Y u (a)))dadu. 



(4.c 



Then, using the induction hypothesis and Gronwall's Lemma, one completes the desired 
proof. A 

The next result gives an upper bound for the derivative of Jk + r&. 

Lemma 4.5 For any p > 1 and m > 1, there exists a finite constant Ct > such that, for 
all i £ {1, d} and k E {1, N}, 

(E[\\D {m H4 + n)\f n ^ l^ fe _J) 1/p < CtA 1 /^! + I^.J). 
rt 'fc-l 



Proof. Let (r,z) G [0,i] x [0,1]. Note that, for i,l = l,...,d, 

and, therefore, the iterated derivative equals zero for m > 1 



(4.10) 
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Hence, using the Lipschitz continuity of a, we get 



E[\\D^\4)\f |^_J=E 
nt k-i 



t k r 1 



t k -i Jo 

<C T ^/ 2 (l + \X tk ^\r. 
On the other hand, for r £ [tk-i, tk], and 1 < i, I < d 



d , p /2 

Y J \^{X tk _ l -Y tk _ 1 {z))\ 2 drdz) \T tk _, 



D l rtt (T\) = a a (X r - Y r (z)) - a u (X tk ^ - Y tk _ x (z)) 
»t k r lJ_ 



+ [ k I ^D\ rjZ) {a ij {X s -Y s {a)))W^da,ds)+ j* jf D l ^ z) (b, t (X s -Y 
and is equal to zero elsewhere. Therefore, 

where 

*t k r iJ_ \p/2 



[a))) dads, 



(4.11) 



A, := E 



^5 :=E 



An : = E 



/ / ^ MX r - y r (z)) - - lt fc _ 1 (^))| 2 drd2 |JVi 

Jtfe-i JO • ! / 



t* r 1 d r 1 d 



\ P/2 



tfe-l JO j =1 Jr JO j=1 
tfe-l JO z=1 Jr JO 



\P/2 

D {r,z){h{X s ~ Y s (a)))dads) 2 drdz |JT tfc _ 1 



From the proof of Lemma 14.31 we get 

A 1 <C T AP(l + \X th _ 1 \y. 

For the second term, use Burkholder's and Holder's inequalities for conditional expectations, 
the bounds of the derivatives of a and Lemma H~4l to conclude that 

1=1 r . s e[tfc-i,tfe] LJo 
<OrA'(l + |JT t ^ 1 |)'. 

Finally, using Holder's inequality, the bounds for the derivative of b and Lemma 14.41 we 
obtain 

A 3 < C T ^Y, su P Af^)^^^ 

1=1 r,s£[t k _ 1 ,t k ] LJO 

< CrA^l + lX^iy. 



Using (|4.11j) . it yields 



nmnm tk j^ x ]<c T ^{i+\x tk _,\f. 



(4.12) 
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In order to treat the other derivatives we use the stochastic differential equation satisfied 
by the iterated derivatives and similar arguments to conclude that, for m > 1, 

nwD^Hmr |j- ] < c t a^i + ix^ir, (4.13) 

which proves the Lemma. A 

As a consequence of Lemma 14.31 and (j4.13|) we obtain the following estimate for the 
Sobolev norm of T^. 

Corollary 4.6 For any p > 1 and m > 0, there exists a finite constant Ct such that, for 
ie{l,...,d} and k G {1, N}, 

[inik^^CrACl + l^l). 



We will also need the following lower bound for the determinant of the Malliavin matrix 
Of Jfe + IV 

Lemma 4.7 For any p > 1 and q > d, there exists a finite constant Ct > such that, for 
any i G {1, d} ; G {1, iV} and < p < 1, 

E[(det lJk+p r k (t k -i)r p \Ft k _ 1 ] 1/p < C T A- d (l + \X tk _ x \f«. 
Proof. In order to simplify the notation we write '■= 7J fc +pr fc (*fc-i)- Note that 

(det 7fc ) 1/d > inf ( 7fe £,£), 
~ ,[€l=i 



where 



d r t k r l d 



1=1 1/0 1=1 

Now, fix /i G (0, 1]. Using the inequality (a + 6) 2 > ^a 2 — b 2 , we obtain that 

l— l J tfc— hfa— tk-i) JO j =1 



E^)(4+pn)^i 2 ^. 



^E 



Vi 



j =1 Jtk-httu-tu^) Jo \^ i=1 

Moreover, by (|4~TU|) and (|Q|) . it yields 



o(E^,)(4)^) 2 - (E^o^) 2 



1=1 



inf (7fcC,0>V /lA_ SU P 
" l?l =1 ^ £eR d ,|C|=i 



where 



i=l 



t fe -AA JO 



1 / <i 

E^)«)^) 
i=i 



Using (|4.12|) . for q > 1, we have that 



E 



SUp |4| g |J r j ; fc _ 1 
*ER<*,|£[=1 



< Orfc 23 A 2 «(l + |X tfc _J 



,2q 
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We now use Proposition 13.41 with eo = A, a\ = 1, «2 = 2, c\ = -4*, C2 = Or, Z 
' mi tm d ,\t\=i(7k£,0, e = x (e) = ^hA, Y(e) = sup£ 6R d|£| =1 4, s = ifc_i and 
(1 + |Xf,._ 1 |) 2 . Then, we obtain that for any q > d, 

E[(det 7fc r P l^ fc -J 1/p <M( inf (Tht^)-*^] 1 '* 



< C T A- d (l + 1^., 



\2g 



which concludes the desired result. 



A 



The next result gives an upper bound for the second term in (|4.2|) . 

Proposition 4.8 There exists a constant C2 > depending only on T and independent of 
k such that, for any < p < 1, z G R and G {1, iV}, a.s. ; 



e 9 x i(/) r ,(x tfe _ 1 + j fc - z + pr A .)r^|j^ fc _ 1 

where D is polynomial of degree 3 on d. 
Proof. Define 

= 

and remark that 



< c , 2A l/ 2 - d /2 (1 + | ^_ i|) D ) 



(j) n {u)du, x £ 



d X '4>v( x t k -i + J k~ z + pT k 



d d+l $ r 



1 

(X tfc _ 1 + J k -z + pT k ). 



dx l dx 1 ■ ■ ■ dx d 

Using the version of the integration by parts formula given in Proposition 13.11 



E 



d x i<t>r,( X t k -i +Jk~z + pT k )rl\J : tk _ 1 



E 



%(X tk ^ +J k -z + pV k )H {lr __ Ai) {J k + pTkX^Ft^ 



As J 4)^ = 1, by the Cauchy-Schwarz inequality, we obtain 



E 



We now apply Proposition 13.31 with a = (1, d, i), F = J k + pT k and G = T k . For this, 
we use Lemma 14.51 to prove (l3~2l of Proposition E3| with Z tk _ x = A 1 / 2 (l + l-X^J), and 
Lemma IP with g = d + ± to prove (|33|) with y 4fc _ 1 = (1 + |X tfe _ 1 |) 4d+1 . Then, using 
Corollary 14.61 we conclude that 



E d^Xt^ + J k -z + pr k )Tl\F tk ^ 



i=i 3=1 



< C T A^-^il + \X tk _ 1 \) D , 
where D is polynomial of degree 3 in d. This proves the desired bound. 



A 



Applying the bounds obtained in Propositions 14.21 and 14.81 into (|4.2[) we obtain the 
following lower bound for the conditional density of Xt k given J~t k _ x - 
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Corollary 4.9 Assume < rj < y/XiA, and fix z G M d . Then, for almost all (w,z) such 
that \Xf k _ 1 (uj) — z\ < y/\iA, it holds 

E[^(x tk - > CiArf/2(1 ^ tfc _ i|)rf " C 2 AV-^(i + l^J)* 

where C\, C 2 and D are the constants obtained in Propositions \4-*Jj and \4-8\ 
4.4 Proof of the lower bound 

We now fix v G M. d . Fix xq = Xq, and let x\, x^f-i, %N be N .Fo-measurable points 
defined by x k = Xk-i + ^w~( v ~ Xq) for 1 < k < N. Remark that xjy = v, \x^\ < 
\v — Xq\ + |Xo|, and there exists a constant C3 only depending on Ai and T, such that if 
\x - x k \ < (x G R d ), then 

1 + N <C* 3 (l + |X | + |f;-Xo|). (4.14) 

We choose the discretization size N as the smallest integer such that 

Ar ^ lQ\v-X \ 2 t 

N > — — + TT + 1, 

Ait M 

where 

1 

M 



{2C l C 2 C d+D f{l + \X Q \ + \X - v\f( d + D ) ' 

The constants C\, C 2 and D are defined in Propositions I4.2I and I4.81 

This choice of iV will be justified by the computations below. Note that, in particular, 
it implies that 



| = A<M, 



and that for each 1 < k < N, 



\x k - Xfc-i| < ^ A . lA - (4.15) 



We introduce the following sets, for k = 1, N, 



A k = {u) : 1X^(0;) - Si I < ,i = 1, k} G T tk _ x . 



Proposition 4.10 Assume < 77 < \AiA. Let k G {1, N} and consider z G R such 
that \x k — z\ < ^ A 2 lA . Then, a.s. 

E[MXt k - z)\F tk _A > 2CiCiAd/ 2 {1 + ] Xol + lv _ Xoir W 

Proof. Remark that if uj G A k and \x k — z\ < 1 t nen \Xt k _ 1 ( w ) — A < \/AiA. Therefore, 
using Corollary 14.91 Q4.14JI . and the choice of A, we get 

nu*t k -, - z)\^\ > ClAd/ 2 (1 + | Xtfci | )d - ciA^a + i^j)" 

1 1 

> 



A rf / 2 2C x C$(l + \X Q \ + \v-X Q \y 

A 
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Proposition 4.11 There exists a constant C4 > only depending on X\, A 2 and T such 
that, for any k £ {1, N}, 



Px (A fc ) > 



1 



c 4 (i + |x | + | w - W 



*x (Ak-i)- 



Proof. Let < rj < \/\iA. As A k = A k _i n - x k \ < and using the fact that 

J (prj = 1, we have 



Wx (A k ) 



{l^tfe-i-^fel^-^-} 



1 1 ^fe — 1 — ^fcl< 2 > 



= ®x 



iAfc-i / 

J\z 



n_^{X tk _ x -z)\T tk _ % \dz 



'|«-^-i|<VAiA/4-7j 
The last equality follows from Q4.15JI and the fact that 

\X th _ x -x k \ < \X tk _ x - z\ + \z - x k -i\ + \xk-i - x k \ 



< 77 H r] + 



4 ' 4 
Take r] = ■ Using Prop osition 14 . 1 Ul we obtain 

F Xo (A k ) > E Xo 
> Ex 



|^-x fc _ 1 |<v / ATA/8 



1 



> 



\z- Xk ^\<V^A/s 2CiC 3 d A d / 2 (l + |X | + \v- X Q \ 
l /vAIS N d 



■ dz 



2C 1 C , 3 d A d / 2 (l + |Xo| + b-X |)' i V 8 
This concludes the proof of the Proposition. 



k-lj 



A 



We now conclude the proof of the lower bound. Let us apply Proposition 14.101 with 
k = N and z = v and an iteration of Proposition 14. 1 ll 



E[^ v (X tN - v)\X ] > E[E[<^(X ijv - v^tH.^A^Xo] 



> 



2CiC|A rf / 2 (l + |X | + \v-X Q \ 



1 



N 



N 



C 4 N d / 2 f 

- 2CiC| t d / 2 \C 4 {1 + \X Q \ + \v- X \ 

The choice of N implies that ¥x (Ai) = 1 a.s., and that 

16 . v l2 t 16 . v l2 t 



*xMi)- 
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Therefore, we obtain that 

where the constants ci(T, v,Xq) and C2(T,v, Xq) can be explicitely given as functions of 
T, Xq, Ai and A2. 

This concludes the proof of Theorem 12.61 (a). 

5 The upper bound 

In this section we prove Theorem 12.61 (b) . 

Let T > 0, < t < and v G M. d be fixed. Apply Cauchy-Schwarz inequality for 
conditional expectations to the expression of Corollary 13. 21 with a = {i G {1, ...,d} : Vi > 0} 
to find that 

f Xo (t,v) < (P Xo {\X t \ > | W |}) 1 /2( Exo [ ( ^0 > ^ (J)( ^ ) l ) )2] ) l/2 ) p . as (51) 

We estimate the first factor Px {|^| > M} 1 / 2 using an exponential martingale inequality. 
In order to deal with bounded coefficients, we consider the SDE satisfied by a logarithmic 
transformation of our process Xf. On the other hand, to obtain an upper bound for the 
second factor (E Xo [(tf ( ° 1; d) {X t , 1)) 2 ]) 1/2 of order t~ d / 2 , we will use Proposition 13.31 and 
precise estimates on the Sobolev norms of Xf. 

This is given in the following two lemmas. 

Lemma 5.1 There exist finite constants c\ and C2 only depending on T such that for any 
t G (0,T] and v G R d , P -a.s. 

(ln(l + M 2 )-ln(l + |X | 2 )- Cl t) 2 * 



(v Xo {\x t \ > M}) 1/2 < 



c 2 i 

Proof. Consider Zt = ln(l + |X^| 2 ). From the d-dimensional Ito's formula, 

Z t = ln(l + |X | 2 ) + /* C V - 2X l . 2 on{X a - Y s (a))W\da,ds) 
Jo Jo iJ=1 ± + \X s \ 

+ f fV : l2 bi(X s - Y s (a))dads 

Jo Jo ~i 1 + l A sl 

+ J (' J ( I ErTkF ( ^ (x '- F ' (a)),i 



^ 2 dads 



t fl d, 1X^ X^ 



! y — 



+ |X. I 2 ^ 2 



o-ij(X s - Y s (a))a kj (X s - Y s (a))dads. 



Using the Lipschitz property of b, we have that 

h{Xs ~ 
l + \X, 



1 rl ± 2X ^ x ;-^dad S 



Jo 



i=l 



< C(t + tE[ sup \X S \]) 

0<s<T 

< Cat. 
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Equally, from the Lipschitz property of a, 

" rl E i+ixp ( ^ (Xs ~ n(a)))I 

i,i=l s 



JO 



dads 



<C 2 t, 



and 



n ,y * 2 <Ttj(X s - F s (a))<7i 3 -(X S - y s (a))dads 



JO 



<C 3 t. 



Hence, we obtain 



Pxoil^tl > M} < Vx {Zt > ln(l + M 2 )} 

< ^x {M t > ln(l + |t;| 2 ) - ln(l + |X | 2 ) - at}, 



(5.2) 



where c\ := C\ + C2 + C3 and 



Jo 



2X1 



I*. 



a^Xs-Ysia^W^da^ds) 



I2 u y 



is a continuous martingale with respect to Tt and with increasing process given by 



(M)t 



/o jo J=1 V i=1 i + 



A 



Again, using the Lipschitz property of a, we get that 

(M) t < ct. 

Finally, applying the exponential martingale inequality to (|5.2|) . we obtain that Po-a.s. 

p*{|*I > H> < exp ( JMi + M 2 )-Mi + |x„n- Cl ^ 

Lemma 5.2 There exists a finite constant cs(T,Xo) > suc/t i/tai Po _a - s - 

(Exo[(#( i,..., rf )(^,l)) 2 ]) 1/2 < c 3 (r,X )t- d / 2 , 

/or a// 1 G (0,T]. 

Proof. In order to prove this result, it suffices to prove that for any p > 1 and m > 1 there 
exist finite constants ci(m,p, T, Xq) > and C2(p, T, Xo) > such that 

(i) Ex [p (m) (^)ll^ TO ] 1/, '<ci(m,p,T ) Xo)t 1 /2, i = l,...,d; 



(ii) E Xo [(det 7 x t (0))-P] 1 /P < c 2 (p,T,X )r d . 
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Then, Proposition 13.31 with s = and G = 1 concludes the desired estimate. 

We start proving (i). We proceed by induction on m. For m = 1, consider the stochastic 
differential equation (|4.8|) . Then, using Holder's inequality for conditional expectations, and 
Lemma 14.41 we obtain, 

\ p/2-i 



E* [||D(X» o ]=E Xo 

< t p/2 



J 



|£> (?v5) (X t l )|^nte 



sup Ex 

0<r<T 



|Z> (tv0 (*j)|P<fo 



< i p / 2 C T (l + |X |) p . 



Then, the case rn > 1 follows along the same lines using the stochastic differential equation 
satisfies by the iterated derivative (|4.9|) together with Lemma 14.41 

We now prove (ii). Fix e G (0, 1/2] so that i/2 < i(l — e) < t. From a similar argument 
as in Lemma 14.71 it follows that 

(det 7 x t (0)) 1/c! > inf ( 7 x t (0)&0 
feffirf |e|=i 

> -mete — sup 7 e , 
2 ?eiR d ,|£|=i 

where m is defined in ()2.3j) , c denotes the infimum of the function 

F(tt) = n\x t \ 2 \z\ 2 -(x t ,o 2 ] 

on the compact set {r £ x l d : |£| = 1}, and 



1 / d 



fc=1 ^i(l-e)70 \ i=1 ./r 70 jV=1 



t r l d 

d^iX.-Ysia^D^iX^W^d^ds) 



+ [ [ ^dMX s -Y s (a))D k (r . z) (X l s )dads) dzdr. 

i=i Jr J ° i=i / 



By some straightforward computations, using Burkholder's and Holder's inequalities 
and Lemma l4.4| we obtain for any q > 1 



Ex 



SUp l/el 9 

,£eR d ,|£|=i 



< C T (te) 2 i sup Ex 

0<r,s<T 

< C T (l + \X \) 2 ^te) 2 ". 



[ \D (T)Z) (X s )\ 2 idz 
Jo 



Consequently, applying Proposition 13.41 with Z = inf^ gK< i i£i = i(7x 4 (0)£, £}, ai = 1, c*2 = 2 
and eo = i, we conclude that 



Ex [(det 7 x t (0))- p ] 1/p < C(T,Xo)t" d , 



which proves (ii). 



A 



Substituting the results of Lemmas I5.ll and l5.2l into the expression (|5.1[) . we obtain that 

fx (t,v)<c 3 (T,X )t- d / 2 e 
This concludes the proof of the upper bound of Theorem 12.61 



(ln(l + |i,| 2 )-ln(l+|X | 2 )-c lt ) 2 
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